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Abstract. The configuration interaction (CI) method for calculating the exact
eigenstates of a quantum-mechanical few-body system is problematic when
applied to particles interacting through contact forces. In dimensions higher
than one the approach fails due to the pathology of the Dirac δ-potential,
making it impossible to reach convergence by gradually increasing the size of
the Hilbert space. However, this problem may be cured in a rather simple
manner by renormalizing the strength of the contact potential when diagonalizing
in a truncated Hilbert space. One hereby relies on the comparison of the CI
results to the two-body ground-state energy obtained by the exact solution of
the Schro¨dinger equation for a regularized contact interaction. We here discuss
a scheme that provides cutoff-independent few-body physical observables. The
method is applied to a few-body system of ultracold atoms confined by a two-
dimensional harmonic oscillator.
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1. Introduction
Trapped ultracold atom gases [1–7] are an ideal laboratory for the investigation of
many-body physical phenomena. From a theoretical perspective, a major issue is the
complexity of the atom-atom interaction potential which in numerical simulations can
hardly be considered in its full form. However, one often is only interested in the
low-energy scattering properties which in many cases may be accounted for by simple
pseudopotentials. A standard approximation to model the atom-atom interactions in
an ultracold gas of fermionic or bosonic atoms is a contact potential [8] describing
the s-wave isotropic scattering by means of only one parameter, the scattering length
a. For cold atom gases this pseudopotential has been widely and successfully used
(see for example references [1–7]). However, the use of such pointlike interactions is
mathematically troublesome [8]. In their simple form of Dirac δ-functions contact
potentials are unphysical in two and three dimensions and one needs to introduce a
proper regularization [9–21]. In addition, there are subtle drawbacks which become
particularly relevant when trying to solve the many-particle problem exactly. The crux
of the matter (as noted by Huang [8]) lies in the fact that the regularized operators may
be non-Hermitian, which prohibits finding their eigenvalues by variational methods.
In particular, the direct diagonalization of the Hamiltonian on a complete space
cannot be applied [8, 17, 22], unless the class of allowed basis wave functions obeys
special (and often impractical) boundary conditions [19]. This also invalidates the
direct application of the contact potential in the so-called configuration interaction
(CI) approach ‡ (also known as the method of ‘exact diagonalization’). In the limit
of small particle numbers and not too strong interactions the CI approach would
otherwise allow an accurate treatment of correlation effects, also giving access to
excited states [28–33]. It is therefore desirable to develop a scheme that can incorporate
the regularization in a simple and straightforward manner.
In this paper we discuss a renormalization procedure for few-body systems with
contact interactions in two dimensions (2D). For the confinement we choose the
example of a 2D harmonic oscillator, a system that has been widely investigated
in the context of ultracold atomic gases [34] and whose exact two-body states are
known [17]. From a computational point of view, the 2D case is simpler than the
three-dimensional one, however providing a similar complexity of the problem at
hand. The renormalization procedure that we discuss here is similar in spirit to
the ultraviolet renormalization adopted in analogous contexts by means of diverse
techniques, including space discretization [35, 36], dimensional [14] and momentum-
cutoff regularization [14, 19, 37–46], and other approaches [47–51]. We demonstrate
explicitly how in a truncated Hilbert subspace with properly renormalized interactions
the CI algorithm correctly reproduces the exact energies and wave functions of both
ground and excited states, except when the relative distance between the particles
becomes too small. The coupling constant of the contact potential employed in the
calculation can be mapped onto the two-dimensional scattering length a. However,
this mapping significantly depends on the energy cutoff. A relation between these
quantities is established for the case of two particles confined in a 2D harmonic trap, for
which the exact regularized solutions are available [17]. For three particles, the method
is further validated through a comparison of semi-analytical results [52] with the CI
data. The procedure can then also be applied in the case of larger systems, where such
‡ Other model interactions have been considered in the CI literature, such as Gaussian [23–27] and
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analytic solutions do not exist. As a case study for the latter, we further compute the
low-lying energy spectrum ofN fermions confined in a harmonic trap, withN ≤ 5. The
CI results suggest that when diagonalizing in a truncated Hilbert space, by adapting
the coupling constant one can accurately evaluate cutoff-independent N -body physical
observables.
2. The two-body problem treated in relative coordinates
In order to investigate the nature of the contact interactions let us begin with
the simple case of two interacting particles in a two-dimensional harmonic trap of
frequency ω0. Throughout this paper we use as energy unit ~ω0 and as length unit
the oscillator length, ℓ0 = (~/mω0)
1/2. The two-body Hamiltonian, conveniently
written in the center-of-mass and relative-motion coordinates R = (r1 + r2)/2 and
r = r1 − r2, respectively, then reads as
H2 = Hcom +Hrel, (1)
with
Hcom = −1
4
∇2R +R2 (2)
and
Hrel = −∇2r +
1
4
r2 + g δ(r) (3)
where g is the coupling constant in units of (~ω0)ℓ
2
0. While the center-of-mass
eigenstates of Hcom are simply (2D) harmonic oscillator orbitals in the R coordinate
with trivial integer energies Ecom, the non-trivial part of the two-body Hamiltonian,
Hrel, pertains to the relative motion. If the relative-motion angular momentum Mrel
is even (odd), the solution equally holds for spinless bosons and spinful fermions with
total spin zero (one). Here we investigate the low-lying singlet states of either two
spinless bosons or two fermions of opposite spin 1/2.
Solving the eigenvalue problem for Mrel = 0 one diagonalizes the matrix
〈n′|Hrel |n〉 = (2n+ 1)δn,n′ + g
2π
, (4)
where |n〉 = ϕn(r) ≡ ϕn0(r) stands for the 2D oscillator orbital in the r-space with
n nodes in the radial direction and angular momentum m = 0 (the other sectors with
Mrel 6= 0 are trivial since off-diagonal matrix elements are zero). The explicit orbital
form is ϕn(r) = (2π)
−1/2Ln(r
2/2)e−r
2/4, where Ln(z) is the Laguerre polynomial
of order n. In practice, one must restrict the number of basis functions, Nb, with
Nb = nmax + 1 and nmax being the number of nodes of the highest-energy orbital.
For any g < 0, the ground-state energy obtained from the direct diagonalization of
the matrix (4) does not converge but decreases monotonously as the basis size Nb
increases. For g > 0, however, the energy converges to the noninteracting value (i.e.,
unity) [16]. Such behavior could also be expected from the fact that the offdiagonal
Hamiltonian matrix elements are independent from n, as shown by (4) §. This clearly
shows the pathology of the contact interaction in dimensions higher than one.
§ Considering the limiting case of very large interaction strength |g|, the Hamiltonian can be
approximately written in matrix form as Hrel ≈ I + g/(2pi)1, where I is the identity and 1 is
the Nb × Nb matrix with all elements equal to one. For large values of Nb, for g ≫ 0 the lowest
eigenvalue is unity, i.e., the contact interaction does not provide any scattering. For g ≪ 0, one
obtains −|g|Nb/(2pi), i.e., the ground-state energy diverges with Nb for attractive interaction [16].
Note that in the well behaved one-dimensional case the off-diagonal element is either zero or it
decreases with n as ∼ (−1)(n+n′)/2(nn′)−1/4.
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2.1. Exact solution
A proper solution of the two-body problem consists in introducing a regularized
contact potential. This path was followed by Busch and coworkers [17], whose results
we partly recall in this section. Olshanii and Pricoupenko [53] provided a general form
of the pseudopotential, Vpseudo, which should replace the simple Dirac δ-function in
Hrel,
Vpseudo = − 2πδ(r)
ln(AaΛ)
[
1− ln(AΛr) r ∂
∂r
]
r→0+
, (5)
where Λ is an arbitrary constant, a is the two-dimensional scattering length, A = eγ/2,
and γ = 0.5772 . . . is the Euler-Mascheroni constant.
The eigenstates of the regularized form of the relative-motion Hamiltonian, Hregrel ,
with
Hregrel = −∇2r +
1
4
r2 + Vpseudo, (6)
are obtained by imposing that the wave functions, Ψ(r), written as linear
superpositions of the orbitals ϕn(r) with unknown coefficients cn,
Ψ(r) =
∞∑
n=0
cn ϕn(r), (7)
must solve the eigenvalue problem
Hregrel Ψ(r) = E
reg
rel Ψ(r). (8)
Equations (7) and (8), together with the requirement of normalization, determine both
the coefficients cn and the energy E
reg
rel , the latter through the equation
ψ(1/2− Eregrel /2) = ln(2/a2), (9)
where ψ(z) is the digamma function of argument z ‖.
The total energy Ereg = Eregrel +Ecom is plotted as a function of ln (d/a) in figure 1,
with d =
√
2 being the harmonic oscillator length in the relative frame (the scattering
length a is always positive in two dimensions, as discussed e.g. in Ref. [54]). The wave
function is
Ψ(r) ∝ U(−ν, 1, r2/2)e−r2/4, (10)
where ν = (Eregrel − 1)/2 and U(a, b, z) is the confluent hypergeometric function.
The key point in the derivation of (9) is that one is not allowed to interchange the
limiting procedure contained in the definition (5) of Vpseudo, limr→0+ ∂/∂r, with the
infinite summation appearing in (7),
∑
∞
n=0. In fact, by doing so, the ‘regularizing’ part
of the pseudopotential, limr→0+ ln(AΛr) r ∂/∂r, provides a null result when applied
to each addendum ϕn(r) of the sum, which is well behaved at the origin. In this
case, the only possible solution of (8) is the noninteracting one. For the same reason,
the regularization of Vpseudo is useless if the expansion (7) is finite, as it is of course
always the case when diagonalizing numerically, making the regularization procedure
irrelevant in this case.
‖ Equation (9) actually differs from (21) of reference [17] for a numerical factor which is due to the
different definition of a. Our usage here is consistent with the pseudopotential definition (5).
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Figure 1. (color online). Exact energy spectrum Ereg of two particles (either
fermions with total spin zero or spinless bosons) versus two-dimensional scattering
length a. The circles show the energies obtained by direct diagonalization given
in table 1 and the dashed line is the noninteracting ground-state energy. d =
√
2
is the harmonic-oscillator length in the relative frame and Mrel = 0.
2.2. Diagonalization in a finite Hilbert space
Let us now investigate whether it is possible to perform a numerical diagonalization
with the bare δ-interaction in a truncated Hilbert space and to relate the result to
the regularized solution. We here still restrict ourselves to the two-body case. The
eigenvalues are obtained by performing the diagonalization in a given basis set, i.e.,
for a given value of Nb, at a fixed value of the coupling constant g. The result
naturally depends on the number Nb of orbitals used. In order to obtain results which
nevertheless can be interpreted physically we suggest to
(i) Fix the Hilbert space size for the two-body system, i.e., Nb.
(ii) Link the value of the coupling constant g to be used in the direct diagonalization to
the physically meaningful value of the exact, fully regularized two-body ground-state
(GS) energy for a given scattering length a,
E ≡ EregGS (a) = EdiagGS (g,Nb). (11)
Here EdiagGS (g,Nb) is the energy obtained by the direct diagonalization for a specific
value of g in a given basis set with fixed Nb, and E
reg
GS (a) is the desired regularized
two-body ground-state energy that we in the following denote as E (the value E = 2
is the energy in the noninteracting case, g = 0).
In the following, we evaluate the above procedure by comparing the results
obtained through direct diagonalization with the exact and fully regularized results
that are available in the literature, i.e., energies and wave functions of two-body excited
states [17] (Sec. 2.3) as well as exact eigenstates for three particles [52] (Secs. 3.1 and
3.2). This also allows to estimate the error associated with the truncation of the
Hilbert space size.
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Table 1. Comparison between exact regularized and directly diagonalized two-
body energies for both ground and excited states, for attractive (2nd and 3rd
column) and repulsive (4th and 5th column) interaction, respectively. The exact
regularized (‘exact’) and the diagonalized (‘diag.’) data are linked by matching the
corresponding GS energies, providing (a, g) = (11.71,−1.855) and (0.3294, 30.78)
for E = 1.500 and 2.500, respectively, where a is obtained by solving (9) and g is
obtained by diagonalizing (4) with Nb = 13.
g < 0 g > 0
level exact diag. exact diag.
ground state 1.500 1.500 2.500 2.500
1st excited 3.613 3.619 4.596 4.608
2nd excited 5.647 5.657 6.658 6.688
3rd excited 7.666 7.680 8.706 8.757
2.3. Energies and wave functions of two-body excited states
For two particles described in relative coordinates, let us now fix the Hilbert space
size through the number of relative orbitals Nb and consider two cases, corresponding
to repulsive and attractive interaction, respectively. As a specific example, we set
Nb = 13. Within this restricted space, we then chose as an example the two-body GS
energies E = 1.500 and E = 2.500. In the direct diagonalization of (4) these energies
are obtained with the coupling constants g = −1.855 and g = 30.78, respectively.
Note from figure 1 that ln (d/a) assumes both positive and negative values, with
the noninteracting ground-state energy (dashed line) being reached at both infinities
on the real axis. Therefore, moving away from the E = 2 asymptotic value at
ln (d/a) = ±∞ by increasing (decreasing) continuously the energy allows us to identify
the branch that physically corresponds to repulsive (attractive) interaction, i.e., g > 0
(g < 0). Solving (11) numerically for E = 1.500 and E = 2.500 we respectively obtain
a = 11.71 and a = 0.3294 (cf. the two lowest-lying circles in figure 1).
Let us first compare the energies and wave functions of the two-body excited
states obtained by direct diagonalization of (4) to the analogous exact and properly
regularized quantities obtained from the knowledge of a through (9) and (10).
This is done in figure 1 and table 1 that compare energy levels up to the third
excited state. For the chosen coupling strength g, the energies obtained by direct
diagonalization (circles in figure 1) nicely match the regularized exact solution (solid
lines), the worst relative error being only 7 parts per thousand (for the 3rd excited
level in the repulsive case, cf. table 1) for our example of Nb = 13. This very good
agreement is confirmed by the wave function analysis, reported in figures 2(a) and (b)
for attractive and repulsive interaction, respectively.
The plots compare the radial probability densities of finding two particles at
distance r, up to the third excited state. We see in both attractive and repulsive
cases (figures 2(a) and (b), respectively) that the overlap of the probability densities
as well as the agreement regarding node locations is almost perfect far from the origin,
but becomes progressively worse as r → 0. In fact, the square modulus of the exact
regularized wave function presents a logarithmic singularity at the origin, originating
from the behavior of the hypergeometric function of (10):
Ψ(r) ≈ A
Γ(−ν)
[
ln r2 + ψ(−ν)] for r ≈ 0,
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Figure 2. Radial probability density r |Ψ(r)|2 of finding two particles at
distance r, from both the regularized exact solution (solid lines) and the direct
diagonalization for fixed Nb and renormalized coupling constant g (dashed lines),
for attractive (a) and repulsive (b) interaction, respectively. The panels display
the ground (GS), first- (1st), second- (2nd), and third-excited (3rd) states. Here
Ψ(r) is the relative-motion wave function normalized as
∫
dr r |Ψ(r)|2 = 1 for
the exact regularized and the directly diagonalized solutions, respectively. The
GS energy E is 1.500 and 2.500 implying scattering lengths a = 11.71 and
0.3294 for attractive (a) and repulsive (b) interaction, respectively, whereas the
renormalized coupling constant used in the CI diagonalization is g = −1.855 and
30.78, respectively, corresponding to a single-particle basis of Nb = 13 orbitals.
The energies of the states considered here are displayed in the 2nd and 3rd (4th
and 5th) columns of table 1 for attractive and repulsive interaction, respectively,
as well as in figure 1. The inset in the GS panel of figure (b) is a blow-up close
to the origin.
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where A is a normalization constant. Note the appearance of a node in the exact
ground-state wave function for repulsive interaction [cf. inset of figure 2(b)], due to
the occurrence of a strongly bound molecular state that is much deeper in energy ¶.
Any expansion over a finite set of basis functions regular at the origin is unable to
reproduce the logarithmic singularity. However, in 2D this is expected to have little
effect on the calculations of observables dominated by the whole range of r.
2.4. Truncation of the Hilbert space and short-distance cutoff
To understand the consequences on the wave function let us take a look at the evolution
of the ground state obtained through direct diagonalization when the parameter Nb
(controlling the energy cutoff in the single particle basis in relative coordinates [55,56])
is increased, going from dotted to dashed curves in figure 3, respectively. We see the
same trend for both attractive (a) and repulsive (b) interactions, with the weight of
r |Ψdiag(r)|2 from the direct-diagonalization result shifting towards the origin. This
increases the overlap with the regularized exact radial density r |Ψexact(r)|2. This
behavior suggests that the effect of the cutoff in the direct diagonalization is to provide
a complementary short-distance cutoff rc in real space, the larger Nb (higher energy
cut-off) the smaller rc (better resolution).
0 1 2 3
r
0
0.2
0.4
0.6
0.8
r 
|Ψ
(r)
|2
exact
Nb = 3
Nb = 6
Nb = 13
0 1 2 3
r
0
0.2
0.4
0.6
(a) (b)
Figure 3. Radial probability density r |Ψ(r)|2 of finding two particles at distance
r obtained from the direct diagonalization of (4) over subspaces of increasing Nb.
Here Ψ(r) is the relative-motion wave function normalized as
∫
dr r |Ψ(r)|2 = 1.
The solid lines are the data from the regularized exact solution corresponding to
a = 11.71 and 0.3294 for attractive (a) and repulsive (b) interaction, respectively.
The values of the coupling constants g chosen in the direct diagonalization change
according to the different single-particle basis sizes Nb, providing as GS energies
respectively E = 1.500 (a) and E = 2.500 (b).
To be quantitative, we define the real-space cutoff rc as the lower bound of
the interval (rc,+∞) within which the wave functions obtained by the renormalized
numerical diagonalization and the exact analytic regularization largely overlap. In
detail, we define the integral function D(r) as the deviation of the CI probability
density r |Ψdiag(r)|2 from its exact counterpart r |Ψexact(r)|2, which is provided by
¶ This low-lying energy branch of strongly bound molecular dimers is the absolute ground state.
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Table 2. Real-space cutoff, rc, vs number of oscillator orbitals in relative
coordinates, Nb, employed in the direct diagonalization of the two-body ground-
state wave function Ψdiag(r). Data of second and third columns correspond
to energies E = 1.500 and E = 2.500, being the largest roots of the equation
D(rc) = Dthreshold, with Dthreshold = 0.02 and 0.01, respectively. The last
column reports the first zero of the Nbth noninteracting orbital along the radial
direction as a reference.
Nb E = 1.500 (g < 0) E = 2.500 (g > 0) E = 2 (g = 0)
2 2.58 4.54 2.41
3 2.21 3.57 2.08
4 2.00 3.14 1.91
5 1.86 2.86 1.80
6 1.77 2.67 1.73
10 1.53 2.21 1.55
13 1.41 1.99 1.48
integration between r and ∞:
D(r) =
∫ +∞
r
dr′
∣∣∣|Ψdiag(r′)|2 − |Ψexact(r′)|2
∣∣∣ r′. (12)
It is important to note that, since both radial probabilities are separately normalized
to one, then 0 ≤ D(r) ≤ 1 and D(r) → 0 for r → 0. Furthermore, D(r) vanishes for
r →∞ since both wave functions decay at infinity. From these properties the generic
behavior of D(r) is as follows. First, as r is reduced from ∞, D(r) remains small as
long as Ψdiag(r) and Ψexact(r) overlap. Then, Ψdiag(r) departs from Ψexact(r) hence
D(r) reaches one or more maxima at certain values of r and eventually it vanishes
again at the origin. Therefore, we define the real-space cutoff rc as the largest distance
at which
D(rc) = Dthreshold, (13)
with Dthreshold being conventionally fixed to a few percentages. The values of rc as a
function of Nb for the states illustrated in figure 3(a) (attractive; Dthreshold = 0.02)
and figure 3(b) (repulsive; Dthreshold = 0.01), respectively, are collected in table 2 (note
that in the attractive case the convergence is more demanding and we therefore choose
a more tolerant threshold value). As expected, the real-space cutoff rc decreases with
the increasing energy cutoff Nb. As a reference, in table 2 we also report the first zero
of the oscillator orbitals with n ≤ Nb in relative coordinates. All data show similar
trends and may be fitted by a power law of the type rc ∝ Nβb , where β ≈ −0.7 for
E = 1.500 as well as for E = 2.500, and β ≈ −0.6 for the noninteracting case E = 2.
These exponents β are not far from the value β = −0.5, hence roughly Nb ∼ 1/r2c ,
i.e., the cutoffs in real and energy spaces are complementary (assuming that the cutoff
respectively in momentum space, pc, and in real space, rc, are related by pc ∼ 1/rc).
3. N interacting particles in a trap
So far we have considered the special case of two interacting particles for which the
relative motion can be uncoupled from the center-of-mass motion. In this case the
results for two spin-1/2 fermions forming a singlet were the same as for two spinless
bosons. However, for N > 2 this transformation turns out to be cumbersome for an
efficient implementation of the CI algorithm.
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Figure 4. (color online) Ground state energy E of the two-particle system vs the
coupling constant g. The different lines correspond to different numbers, Nmax,
of harmonic oscillator shells employed in the CI diagonalization.
The Hamiltonian of N particles in a harmonic trap is written in terms of the
standard coordinates ri as
HN =
N∑
i=1
(
−1
2
∇2i +
1
2
r2i
)
+ g
∑
i<j
δ(ri − rj). (14)
In typical CI codes the N -body Hilbert space is spanned over a basis set of Slater
determinants for fermions [28–33] or permanents for bosons [57, 58]. The size of the
Hilbert space for the N -body problem is determined by the number of single-particle
orbitals from which the Fock states are built. In the 2D harmonic oscillator these
single-particle orbitals are grouped in shells according to their single-particle energy.
One usually restricts either the noninteracting configurational energy, or simply only
includes oscillator shells to a maximum number, Nmax. Here we choose the latter in
order to keep the dimensionality well-defined. In the given space and for a given size
of the interaction strength g one then calculates the ground-state energy in the two-
body system, E = ECIGS(g,Nmax). The dependence of E on the interaction strength
parameter is illustrated in figure 4 for a few different basis sizes.
For the N = 2 system, performing the direct CI calculation is alternative to the
relative-coordinate approach considered in Section 2. The energy levels up to the third
excited state are calculated, and figure 5 shows the convergence for each of the states
as the basis size is increased. Here we observe a fast convergence towards the exact
values which is well described by a power-law decay in the basis size. The higher-
energy states have wave function components involving higher shells and need a larger
basis size to converge.
3.1. Energy spectrum of three fermions
A semi-analytic solution is available also for three interacting particles in a harmonic
trap [52]. Figure 6 compares the exact energies of N = 3 unpolarized fermions (solid
lines) with those obtained by the CI method (red [light gray] and blue [dark gray]
bullets, respectively, for g < 0 and g > 0). The exact energies are obtained following
the method reported in reference [52] (there are a few discrepancies with respect to
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Figure 5. (color online) Convergence of the four lowest energy states for two
unpolarized fermions versus the many-body basis size in the CI diagonalization.
The total angular momentum is M = 0 and calculations are performed for
Nmax = 3 to 10. The interaction strength g is determined to give an energy
for the two-particle system of E = 1.500 (a) and E = 2.500 (b). Solid lines are
power-law fits to the data and the dashed lines show the exact values given by
(9).
our derivation +). Here we focus on the part of the spectrum with angular momentum
M = 1, since it also provides the ground state, and plot the energies as a function of
ln(d/a), with d =
√
2 being the oscillator length in the relative frame. The ground-
state energy E in the two-particle system is adjusted via the choice of the coupling
strength, as described above, and (9) relates it to the scattering length. As the
scattering length a decreases from its infinite positive value at ln(d/a) → −∞, the
ground-state energy of the N = 3 system departs from the noninteracting value E = 4
and rapidly falls off. First, the CI energies of both ground and excited states match the
exact ones very well (up to the fourth digit for the ground state at ln(d/a) = −5.240
and third digit at ln(d/a) = −1.027). As ln(d/a) increases, however, they progressively
loose accuracy, as illustrated in table 3. The increasing discrepancy is a consequence
of the fact that the energy cutoff induces a real-space cutoff that prevents resolving the
wave function when the interparticle separation is too small. This is in particular the
case for those low-lying states whose wave functions spatially collapse into strongly
bound molecular trimers.
The region ln(d/a) > 0.5 of figure 6 is considerably more complex, since now
two different types of excitations appear: (i) a dense set of ground-state replicas
that are tighly bound molecular dimers plus a third spectator particle in an excited
level, whose energies have almost vertical slopes, and (ii) a discrete set of curves with
moderate slopes that may be regarded as the levels of three fermions with repulsive
interactions [52]. Whereas there is no clear-cut distinction between the two types of
curves due to the many avoided crossings, the CI method is obviously able to reproduce
+ Equation (7) in reference [52] should be replaced with our equation (9). Moreover, equation (17)
should read Bn = (−1)m [ψ(−νm,n)− 2 ln(d/a)].
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Figure 6. (color online) Exact (solid lines) and CI (bullets) energy spectrum of
three unpolarized fermions vs scattering length a for angular momentum M = 1.
Red [light gray] and blue [dark gray] bullets correspond to attractive (g < 0) and
repulsive (g > 0) interactions, respectively. Here d =
√
2 is the harmonic oscillator
length in the relative-motion frame. In the CI calculations we used Nmax = 10.
Table 3. Comparison between exact and CI ground-state energies of three
unpolarized fermions for attractive interaction, as shown in figure 6 (thick solid
line and red [light gray] bullets, respectively). In the CI calculations we used
Nmax = 10. The values of the CI coupling constant g and corresponding scattering
length a are given.
ln(d/a) exact g CI
−∞ 4 0 4.000
-5.240 3.712 -1 3.713
-2.089 3.305 -2 3.311
-1.027 2.756 -3 2.769
-0.4834 2.061 -4 2.082
-0.1458 1.233 -5 1.263
0.08946 0.2973 -6 0.3338
0.2660 -0.7261 -7 -0.6832
0.4055 -1.817 -8 -1.769
0.5197 -2.963 -9 -2.910
only levels (ii) with significant accuracy. States (i) are clearly beyond the reach of the
technique, as the radius of tightly bound dimers is smaller than the mimimum spatial
resolution associated with the Hilbert space size provided by Nmax.
3.2. Energy spectrum of three bosons
A plot similar to figure 6 is shown in figure 7 for three spinless bosons, except that
the GS total angular momentum is now M = 0. In this case the accuracy of the
CI calculation is significantly lower than that in figure 6, at least for the lowest-lying
branch of strongly bound trimers. The computational bottleneck is the absence of
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Figure 7. (color online) Exact (solid lines) and CI (bullets) energies of three
spinless bosons vs scattering length a for total angular momentum M = 0.
Here d =
√
2 is the harmonic oscillator length in the relative-motion frame.
Respectively, Nmax = 10 (circles) and Nmax = 27 (squares) oscillator shells were
employed in the CI calculation. The dashed lines are cubic smoothing spline
interpolations to CI results.
the short-range Pauli repulsion that originates from the exchange between fermions.
Even if an increase of the maximum number of oscillator shells Nmax used for the
single-particle basis set in the CI diagonalization significantly improves the matching
between exact (thick solid line) and CI data (bullets), going from Nmax = 10 (circles)
to Nmax = 27 (squares), the absolute error on the energy is as large as ≈ 2 at
ln(d/a) ≈ −0.5 and ≈ 5 at ln(d/a) ≈ 0.
3.3. Larger systems
For the few-body systems with two and three particles treated so far, exact solutions
exist and could be compared to. For larger systems, however, one must solely rely on
numerical calculations.
The many-body Hamiltonian given in (14) is diagonalized in a basis of Slater
determinants constructed from the lowest Nmax harmonic oscillator shells. In figures 8
and 9, for the example of a system of respectively four and five unpolarized fermions,
we show how the energies depend on the size of the Hilbert space used in the CI
calculation. Utilizing the discussed concept of renormalization the coupling constant
g together with the basis size are chosen to give a GS energy of the two-particle system
of either E = 1.500 (attractive interactions) or E = 2.500 (repulsive interactions). We
show the two lowest energy states for the four angular momentaM = 0, 1, 2 and 3. For
the parameters chosen we find that the energies of low-lying states are well converged
for manageable sizes of the Hilbert space.
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Figure 8. (color online) Convergence of the energy spectrum for N = 4
unpolarized fermions vs many-body basis size in the CI diagonalization. The
coupling constant g is determined to give an energy for the two-particle system
of E = 1.500 (a) and E = 2.500 (b). Here, the two lowest energy states for each of
the four total angular momenta M = 0, 1, 2 or 3 (circles, triangles, squares, and
diamonds, respectively) are shown. Data points are computed for Nmax = 5 to 10.
Solid lines are exponential fits to the data and dashed lines are their asymptotic
values.
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Figure 9. (color online) Same as figure 8 but for N = 5 unpolarized fermions.
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4. Conclusions
The aim of this paper was to provide a practical ground for CI calculations of N
particles interacting via a contact potential that needs to be properly regularized. To
achieve this in a simple and straightforward manner, one renormalizes the strength of
the contact potential for two particles in a given subspace of single-particle basis
states. The final outcome is that the CI diagonalization over a finite basis set
provides physically relevant observables; the energy cutoff only affects the resolution
on complementary real space distances, while the low-lying excitation spectrum is
unaffected. The procedure discussed here relies on the comparison to both the energy
and wave function of two and three particles, obtained in two different ways. The
first way is the CI diagonalization with an energy cutoff, while the second one is the
exact solution of the Schro¨dinger equation for the regularized form of the contact
pseudopotential. Both ground and excited states are considered in this comparison.
The analysis of CI data for a truncated Hilbert space provides a fully consistent
physical picture of the results as well as a systematic assessment of the error of
the calculation. Finally, the scalability of the method was demonstrated for larger
fermionic systems with N = 4 and N = 5 as an example, where no analytical solutions
exist and one must rely on numerical calculations. The method converges well for
fermionic few-body systems with attractive as well as repulsive interaction, while the
bosonic case is found to be more cumbersome. We expect that this procedure may be
applied to N > 5, provided that the radius of studied few-body complexes is larger
than the spatial resolution associated with the size of the truncated Hilbert space.
The method discussed here validates previous work, where such ad hoc
renormalization by simple Hilbert space truncation has been applied, see for example,
the discussion of pairing and shell structure in finite-size fermion systems [59], or the
recent analysis of few- to many-body transition and the Higgs mode in a paired Fermi
gas [60]. The scheme discussed here may be useful for future diagonalization studies
in finite-size fermion systems that have now also become experimentally accessible
[61–63].
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